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ABSTRACT 

This  report  Is  an  extension  of  the  Perturbation 
Method  of  K.  0.  Friedrichs,  inasmuch  as  vje  do  not  require 
that  the  disturbance  should  satisfy  a  certain  "smallness" 
condition.   More  specifically  it  is  shown,  that  for  a 
wide  class  of  operators  the  "smallness"  condition  can 
be  replaced  by  the  follov;ing:   the  point  eigenvalues  of 
the  disturbed  operator  are  disjoint  from  the  continuous 
spectrum  of  the  undisturbed  operator. 
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1.1  1 

Si.   Introduction 

It  is  well  known  that  the  spectrum  of  an  operator  is 
extremely  sensitive  to  perturoatlons,  [13]'   Nevertheless,  in 
his  papers  ( [2] , [3] , [ 10] )  K.  0.  Frledrlchs  showed  conditions 
on  the  disturbance,  "smallness  and  gentleness",  v;hlch  insured 
that  the  disturbed  and  undisturbed  operators  were  unitarily 
equivalent.  Since  the  gentleness  condition  is  rather  delicate 
we  postpone  Its  exact  formulation  till  Section  2. 

Frledrlchs  also  gave  examples,  [2],  (section  5)j  illus- 
trating that  if  the  disturbance  violates  either  the  "smallness" 
or  the  "gentleness"  condition,  the  disturbed  and  undisturbed 
operators  are  not  necessarily  equivalent,  owing  to  the  appear- 
ance of  additional  point  eigenvalues. 

It  is  most  natural  to  ask  whether  the  examples  referred  to 
are  typical,  in  the  sense  that  the  "worst"  that  can  happen 
under  "gentle"  perturbations  is  the  appearance  of  point  eigen- 
values.  In  other  v/ords  we  ask  is  it  true  that  under  "large" 
but  "gentle"  perturbations  the  "continuous  parts"  of  the 
disturbed  and  undisturbed  operators  are  equivalent?  We  do  not 
knov;  the  ansv;er  to  this  question;  however,  we  know  that  the 
answer  to  a  vjeaker  question  is  in  the  negative.   This  is  shown 
in  Appendix  II. 

Vife  consider  the  follo\i;lng  problem:   is  it  possible  to  re- 
place the  "smallness"  condition  by  another  '''additional"  condi- 
tion which  insures  that  under  a  gentle  perturbation  the 
continuous  parts  of  the  disturbed  and  undisturbed  operators  are 
unitarily  equivalent?  For  the  case  of  an  undisturbed  operator 


f-     .Prr>J-i< 


w'l'-.-     i.  • 


,"l   ;■■"'■ 


.;■;.  3WOfjn£;trioo''   edi   3nox;:tjEci'X.i;-^iaq  "sl:3xi9;;:,     -• - 

n'- ■:■  ■:       .sv7:.;£;f.9n  sr'j    al    si  noiJasLfo  isjiissv,'  e  oc?   "i..    ..-^ 

,11  . 
sdcr 


■ '     -  --  —  — 

■  '-—•  —  ■ 

•*  *    *^ 

'  ^     - 

■..!J 

'  Ibr-' 

e .  .0 

ooc'i.u,:  3/ir   t>/'J   •so''!     ?oii9!:s','J;iJp6 


1.2  2 

with  simple,  absolutely  continuous  spectrum  the  author  gave  a 
possible  additional  condition  in  an  unpublished  v/ork,  [l8]. 

In  this  report  we  shall  extend  the  result  of  this  work  to 
the  case  of  an  undisturbed  operator  of  the  follov;lng  type:   its 
continuous  part  is  absolutely  continuous  of  uniform  multiplicity 
and  its  singular  part  is  of  finite  rank.   Specifically,  in 
Section  3  v.'e  shall  show  the  follov/ing:   if  the  undisturbed 
operator  is  of  the  above  type,  the  disturbance  is  of  finite 
rank,  it  belongs  to  a  particular  space  of  gentle  operators  and 
if  the  point  eigenvalues  of  the  disturbed  operator  are  disjoint 
from  the  undisturbed  spectrum  then  the  continuous  parts  of  the 
disturbed  and  undisturbed  operators  are  unitarily  equivalent. 
In  Section  4  we  extend  the  results  of  Section  ~j   to  the  case  of 
perturbations  satisfying  a  certain  condition  of  "complete 
gentleness".   This  is  the  condition  introduced  by  0.  A. 
Ladyzhenskaya  and  L.  D.  Faddeev,  [6].  This  extension  process 
will  make  essential  use  of  the  fact  that  our  "particular"  space 
of  gentle  operators  is  a  one  parameter  family  of  such  "gentle" 
spaces  and  according  to  Lemma  4.1  the  norms  of  these  gentle 
spaces  are  closely  related  to  each  other.   The  result  of  this 
extension  process,  our  Main  Theorem,  can  be  formulated  as 
follows:   Let  the  undisturbed  operator  be  of  the  above  type, 
let  the  disturbance  belong  to  a  particular  space  of  gentle 
operators  and  be  completely  gentle.   Suppose  that  the  point 
eigenvalues  of  the  disturbed  operator  are  disjoint  from  the 
undisturbed  continuous  spectrum.   Then  the  continuous  parts  of 
the  disturbed  and  undisturbed  operators  are  unitarily  equi- 
valent. 
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This  Theorem  applies,  for  example,  to  the  "large  and  self- 
adjoint"  version  of  the  perturbation  problem  treated  in  Chapter 
I,  Section  8  of  [lO].   This  problem  is  closely  related  to  the 
perturbation  problem  entering  the  Lee-model,  which  in  turn  is 
related  to  perturbation  problems  of  the  quantum  theory  of 
fields. 

This  Theorem  also  applies  to  certain  differential  opera- 
tors.  Nevertheless,  it  is  somewhat  tedious  to  establish  the 
validity  of  our  "additional"  condition  in  its  present  form. 
Therefore  in  a  future  report  we  shall  "improve"  the  "additional" 
condition  and  we  shall  establish  the  "improved  additional" 
condition  for  these  differential  operators. 

Finally  let  us  mention  that  the  "gentleness"  condition 
can  be  replaced  by  a  different  condition  in  order  to  draw  the 
following,  somev^rhat  weaker  conclusion:   the  absolutely  continu- 
ous parts  of  the  disturbed  and  undisturbed  operator  are  uni- 
tarily  equivalent.   More  precisely  T.  Kato  has  shown  [8]  that 
the  above  statement  holds  for  trace  class  perturbations.  Later 
S.  T.  Kuroda  introduced  a  condition,  v/hich  essentially  says 
that  the  disturbance  is  of  trace  class  with  respect  to  the 
undisturbed  operator,  and  shovzed  that  this  condition  implies 
the  above  statement  too,  [l6].   Let  us  also  mention  that  most 
likely  the  Kato-Kuroda  condition  does  not  imply  the  "stability" 
of  the  entire  continuous  spectrum.  For,  N.  Aronszajn  [ip]  gave 
an  example  of  a  Sturm-Liouville  problem,  which  for  one  boundary 
condition  has  a  pure  point  spectrum,  while  for  other  boundary 
conditions  it  has  a  singularly  continuous  spectrum.  On  the 
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1.'4  4 

other  hand,  it  was  pointed  out  by  F.  VJolf  [l4]  that  under 
"general"  conditions  a  one -dimensional  perturbation  of  the 
"domain"  of  an  operator  "amounts"  to  a  perturbation  of  rank  1, 


Addendum  to  Gentle  Perturbations  I 

page  5. 

P   denotes  the  projector  on  the  point-eigenspace  of  A. 

The  additional  conditions  that  A  has  no  point-eigenvalues 
enters  the  Theorem  on  Small  Perturbations . 

page  20. 

Proposition  1  is  loosely  stated.   It  should  read  as  follows: 

Proposition  1 

Suppose  that  K  e  (R)^  ,  .  Then  to  every  positive  e  and  to 
every  number  6 ,   0  <  ^  <  9 ,    there  is  a  kernel  K  such  that 

and  the  support  of  K  is  contained  in  the  union  of  a  finite 
number  of  rectangles  which  in  turn  is  contained  in  S,  ^  S,  . 

In  the  proof  of  the  proposition  the  definition  of  the  family 
of  intervals  should  be  replaced  as  follows :  ^  S .  ?  is  the  family 
of  disjoint  intervals  entering  the  decomposition  of  the  interior 
of  S,  .   Then  S,  =  BuUS.  where  B  is  the  boundary  of  S,  .   The 

A  A  1  A 

fact  that  gentle  kernels  vanish  on  B  ensures  that  the  proof  of 
the  Proposition  goes  through  with  such  a  modification  of  the 
definition  of  the  intervals  \  S .  I  . 
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S2.   The  Space  of  Gentle  Operators, 

s    ■ '■ ' 


The  follovjlng  space  of  gentle  operators  is  a  slight 
generalization  of  the  one  introduced  in  [3,10],  inasmuch  as  we 
allow  that  the  "undisturbed"  operator  has  point  eigenvalues; 

1).   Let  A  be  a  not  necessarily  bounded  self -adjoint 
operator  on  a  severable  Hilbert  space  sx.  . 

2).   Let  (R)  be  a  collection  of  bounded  linear  operators  R 

on  the  Hilbert  space  ?^  ,  vjhich  forms  a  Banach  space  with 

respect  to  a  gentleness  norm  | 1  | |  . 

g 

3),   Let  n  be  a  bounded  linear  transformation  on  (R)  to 
the  space  of  bounded  linear  operators  on  j~l  . 

The  triplet  [A,(R),r]  defines  a  space  of  gentle  operators 
if  the  following  three  statements  hold: 
G -,  :   For  every  R  in  (R) 

aPr  -    {rR)A  +   P<3-RP^=   R 
G^:      Let  R^  and  R2  belong   to    (R) .      Then  R-j^fRg,    (rR2.)R2 
belong   to    (R)    and 

llRirR^MglllKiMgllR^Mg 
ll(rRi)R2llglllRjlJlR2llg      • 

Gy.   rcRiPRg  +  (rRi)R2)  -'■  p^rRirR2Pc^=  (rR3^)(rR2)  • 

Such  a  space  of  gentle  operators  v/as  introduced  by  Friedrichs, 

[3,10],  in  order  to  insure  the  validity  of  a  theorem  of  the 

following  type: 

THEOREM  ON  SMALL  PERTURBATIONS. 

Let  A  be  a  self-adjoint  operator  and  let  the  family  of 

operators  B   be  gentle  vjith  respect  to  A.   Suppose  that 

I  Ib  I  I   — >  0,  as  n  — >  00.   Then  for  large  enough  n  the  operators 
n  g       —  -— 


(L) 


n    Br 
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2.2 


A  and  A+B  are  unltarlly  equivalent;  moreover  there  is  a  unitary 

transformation  U  of  the  form  U  =  I  +  P  R  with  gentle  R^^  carrying 

A+B  Into  A. 
n  — ' — 

The  concept  of  gentleness  defined  previously  Is  too  general 
and  therefore  we   introduce  simplifying  assumptions  on  A.   In 
order  to  do  this  we  need  a  notion  Introduced  by  T.  Kato  in  [8]: 
Let  A  be  a  self -adjoint  operator  with  corresponding  spectral 
resolution  E(a).   The  continuous  (absolutely  continuous,  resp. 
singular)  part  of  the  operator  A  is  the  restriction  of  A  to  the 
set  of  all  those  vectors  f,  for  v;hich  <   E(A)f ,f  =*  is  a  contin- 
uous (absolutely  continuous  resp.  singular)  function  of  A.   \7e 
use  this  notion  to  state: 
Condition  2.1 

a)  The  continuous  part  of  A  is  abeolutely  continuous  and 
it  is  of  uniform  spectral  multiplicity. 

b)  The  singular  part  of  A  is  of  finite  rank. 

c)  The  point  spectrum  and  the  continuous  spectrum  of  A  are 
disjoint. 

It  is  easily  seen  from  the  Spectral  Representation  Theorem 
(cf.  Appendix  I)  that  condition  2.1  is  equivalent  to  the 
follov;ing: 
Condition  2.2 

Tlie  operator  A  is  unltarlly  equivalent  to  the  multiplica- 


tion operator  on  an  S^A\x,   ^9^V  )  -space  and  the  support  of  the 
continuous  and  singular  parts  of  \i   are  c 
Lpdi,,^  J^^^  )  can  be  written  in  the  form 


(2) 

continuous  and  singular  parts  of  m-  are  disjoint   .   Moreover 
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(2.1)  L^{[i,  [   ^^)  =  ^2^^^  -^^  )  @  .^C^.  [R|), 

where  A  is  the  restriction  of  the  Lebesgue  measure  to  some 
closed  set  and 

(2.2)  dim  L^irr,   ^  R\)  <  ~ 

In  particular  condition  2.2  requires  that  the  family  of 
Hilbert  spaces  j 5^r entering  the  spectral  representation  of  the 
continuous  part  of  A  should  consist  of  a  single  Hilbert  space 
J~^  .   Next,  v;e  consider  special  gentle  spaces.   First,  hovjever, 
we  Introduce  some  notations:   M  denotes  the  multiplication 
operator  on  X-pdx,  \  Pi  W  ,  i.e.  M  f(x)  =  xf(x).   I  denotes  the 
identity  operator  on  L^dj.,  ^  9v-V; ) ,  and  P^^  i^^) ,   denotes  the 
projector  on  lA'Kj^sI-   ),  (^p^^O  ^^^ ) )  •   Finally,  if  a  measure 
is  not  indicated  v;here  it  should  be  indicated  then  it  is  under- 
stood to  be  the  Lebesgue  measure  on  ( -<»  +0°).   For  example, 
L^{?i)    denotes  the  space  of  rv  valued  functions  f  with  norm 

/-co 

iifir  =  /    <  f(x)f(x)  >  dx    , 

^   -co 

and  M  denotes  the  multiplication  operator  on  ^^('n.). 

The  Space  (R)^ 

This  is  a  slight  variation  of  the  space  introduced  in 
[3,10].  We  shall  define  a  slightly  different  gentleness  norm 
which  is  equivalent  to  the  original  one. 

Define  the  gentleness  norm  v/ith  the  aid  of  a  "modified 
Holder  norm"  as  follov/s:   Let  R  be  an  integral  operator,  i.e.. 


Rf(x)  =  J  RU,y)r{y)dy 


'    -  .11,  ts,s) 
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To  the  kernel  R(x,y)  assign  the  kernel 

(20)  R(x,y)   =  R(tan  x,    tan  y),  -|lx<|-|<y<| 

Define 

|r|  =  sup  |R(x,y) 1 
x,y 

where  |Rlx,y)|  denotes  the  norm  of  the  operator  R(x,y)  v;hich 

acts  in  the  accessory  space  ^fi^ , 

Let  ,    ...  ' 

Aj^  R{'^,j)   =    [R(x+h^,y)  -  R(x,y)]h^^ 

Aj.^  R(x,y)  =  [R(x,y+h2)  -  R(x,y)]h2 

Then  set 

(2.4)    llRiL  =  1r|  +  sup  ,.   R|  +  sup  |a,  R|  ■ 
^        h-[_>0  '^h^     hg^O   ^2 

+   sup    |a  A,  R|    . 
h^>0,h2>0   '^1  "2 

Define  (R)g  to  be  the  space  of  those  kernels  R  for  which 
I  |R|  Ig  "^  ^)   and  for  v;hich 

J  - 

{2.5)     11m  R(x,y)  =   lim  R(x,y)  =  0 
|x|-*oo         |y|-^ 

Next  define 

(2.6)  PR  =   lim  r  R 

e-iO     ^ 
vjhere 


P  R(x,y)  =  EiiLiZl   . 


It  was  shown  in  [3]  that  for  kernels  R  in  (R)g  the  P transforma- 
tion is  well  defined,  moreover  the  triplet  [M,(R)g,P]  defines 
a  space  of  gentle  operators. 
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The  Space  (R)g  ^. 

This  is  the  space  introduced  in  [lO]  in  connection  vilth 
"Perturbation  of  Operators  v;ith  Restricted  Spectra". 

Recall  that  A  is  the  restriction  of  the  Lebesgue  measure 
to  some  closed  set.   Let  R  be  an  integral  operator  on 
£  (A,  ?^)>  then  R(x,y)  is  defined  in  S^  x  S^,  where  S^  is  the 
support  of  A.   Extend  R(x,y)  to  the  entire  plane  by  setting 
R{x,y)  =  0  outside  S,  x  S,  .   Let  R^  denote  the  extended  kernel; 
then  define  '    • 

llRllg,,  =  llRjIe   . 

By  virtue  of  the  fact  that  P  maps  operators  in  (R)^  ^  into 
bounded  operators  on  Z^{-K,9l~)f    the  gentle  space  defined  by 
the  triplet  [H,,(R)^  ^P]  is  a  gentle  "subspace"  defined  by  the 
triplet  [M,(R)g,r].   Hence  the  triplet  [M^,(R)g  ^P  ]   defines  a 
gentle  space  of  operators. 

The  Space  {R)p  ,, 

This  is  a  slight  generalization  of  the  space  introduced  in 
[10]  in  connection  with  the  "Perturbation  of  an  Operator  with 
Point  and  Continuous  Spectrum". 

Recall  that  L   {[x,  \  Sn_\)  satisfies  Condition  2.2  and  that 
we  denoted  by  P^,  (P^)  the  projector  on  L^i'K ,  Vx.) ,    {Z^{  r^^^)  ) 
Let  R  be  a  bounded  operator  on  L^in,  ^  Sn.^);  then  clearly 


R  =   P^RP^    +  P^RP     +  P  RP,    +  P  RP^ 
A      A  A      —  r       A  T      (T 


Set 


(2.8)     MHlle,^=  II^^PAlle+  IIPxRUU-^  IIp..^^IU 
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Note  that  the  kernel  of  FyR?^  Is  a  function  of  one  variable 
only.   In  the  definition  of  ||P^RP^||g,  (2.4),  we  set  the  ex- 
pressions referring  to  the  "other"  variable  equal  to  0.  Also 
note  that  P^R  P^  does  not  enter  the  definition  of  IIrIL 
Next  v;e  set 

(2.9)  PR  =   lim   ri  [R-P  R  P^] 

and  define  {R)^   to  be  the  space  of  those  kernels  R  for  v;hlch 
||r||q  ,,  "^  °°  and  which  vanish  at  infinity  in  the  sense  of  (2.5), 
Then  an  argument  quite  analogous  to  the  one  given  in  [j>]    shovjs 
that  for  kernels  R  in  (R)q   the  P  transformation  is  v\?ell 
defined,  moreover  the  triplet  [M  ,(R)o   jPI  defines  a  space  of 
gentle  operators.  This  v/111  be  our  standard  gentle  space 
after  imposing  the  condition  1/2  ^   9  <   1. 


or  '--5 
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S  3«   Gentle  Perturbations  of  Finite  Rank. 
s     

Throughout  this  section  v;e  assume  that  K  is  a  self-adjoint 

operator  of  finite  rank  on  L^{[i   ^  5nl^)  and  that  K  e  (R)^ 

£1       L      J  y  jM- 

with  ^  ^  G  ^  1.   Although  this  restriction  on  9   does  not  enter 
the  Theorem  on  Small  Perturbations,  \ie   shall  make  essential  use 
of  it.   A  slightly  different  version  of  the  example  of  Appendix 
II  shov/s  that  v;ithout  this  restriction  our  Theorems  fail  to  be 
true.   Hence  the  condition  on  9   can  not  be  removed,  although 
we  shall  v/eaken  it  in  a  future  report.   For  breviti;-,  we  shall 
refer  to  the  condition  K  e  (R)q   with  ^  ^  0  *=  1,  as  K  being 
gentle. 

It  is  convenient  to  use  the  "dyadic''  form  for  operators 
of  finite  rank.   The  dyadic  product  of  tvjo  vectors  k  and  £ 
is  the  linear  operator  defined  by 

(k  X  i;)f  =  <  i;,f  >  k 

According  to  the  Spectral  Theorem  for  self-adjoint  operators 
of  finite  rank,  K  may  be  written  in  the  form 

N 


(3.1)         K  =  XI~  s.-^.-  ^^  K 


i=l 


where  the  Ak.  v  are  the  eigenvectors  of  K  and  the  ]^a\  are  the 

corresponding  eigenvalues.  Since  by  assumption  K  Is  gentle,  the 
range  of  K  is  spanned  by  gentle  functions  and  hence  the  eigen- 

f unctions  are  gentle  functions.   In  other  words, 

(3.2)  k,  e  (R).  ,,    i  =  1,2, ...N 

1      y  ,|i 


L  .' 
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Next  we  consider: 
Solution  of  the  Frledrichs '  Equation. 
VJe  seek  a  gentle  operator  R,  R  :  .tgdj-j^fi.^)  — ^L^i'K^Ti  ), 
vjhich  satisfies  the  Frledrichs'  equation; 

(5.5)         (P^-;-rR)K  =  R   . 

First  we  ask  for  a  necessary  condition  on  R.   Insertion 
of  (5.1)  into  (5.5)  yieldsj 

N  N 


(p^+rR)zz  ^A  ^^  1^1  =  gi(vr^^^i^i  '^  ^i^^i  = 


Hence  R  is  of  finite  rank  and  it  is  of  the  form 
•  N 

1=1   1     ^  ^ 


and  the  A h .  ?  satisfy  the  following  equations; 


=  R 


{\] 


N 
(5.5)      (P^+r[ZZ!  hj  ^<  EjkjDk.  =  h^   i=l,2,,..,N    . 

Conversely,  let^h.  ^  be  a  gentle  set  of  functions  satis- 
fying (5.5),  i.e., 

N 

(5.5),     (p^+r[izih.  ^<  £.k  ])k  (x)  =  h.(x) 

holds  for  every  x  in  S, ,  the  support  of  A,  and  h^(x)  =  0 
othervjise.   Then  the  operator  R  defined  by  (5* 4)  is  gentle,  it 
is  a  solution  to  the  Frledrichs'  Equation  (5.5)  and 


<  si  .,^)^J.^■ 
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We  elaborate  on  {j>.5)'      Multiplying  the  i-th  equation  by 
E . ,  we  obtain  the  following  system  of  linear  equations:  - 

(5.6)  [A(x)-E]h(x)  =  -EP^k(x) 

where 

A(x)  =  5a.j(x)^        :  '   ^• 

r  <k.  (y)k.(y)> 
a^j(x)  =  ei^jW  ■  ^  ;^_y'^ dM.(y)  -i-  Ir  <   k^(x)kj(x)  >] 


(D.7) 

k(x)  :  lki(x)\ 
h(x)  :  ^h^{x)j, 


0   i  4  J 


e^  i  =  J 


k(x)  and  h(x)  are  elements  of  the  N-orthogonal  sum  of  5t^  ,  which 
we  denote  by  Sn.    ,  and  k.(x),  h.(x)  are  the  projections  on 
the  i-th  component  of  S~\.  . 

Note  that  (5.6)  is  an  equation  on  9x  ,  A(x)  is  a  map  of 
S-v   into  S^  ,   and  the  associated  matrix  is  a  numerical 
valued  matrix.   Clearly  if  the  numerical  valued  matrix  A(x)  -  E 
has  an  inverse  in  the  ring  of  matrices  then  so  does  the  asso- 
ciated map  A(x)  -  E  of  Sn_        into  ^    .   In  the  next  Lemma 
v;e  shall  give  conditions  on  the  operator  M  -!-K  v;hich  will  ensure 
the  existence  of  the  inverse  of  the  matrix  A(x)  -  E.   At  the 
moment  let  us  restrict  ourselves  to  the  observation  that  if  the 
map  (A(x)-E)  has  an  inverse  then  (A(x)-E)~  satisfies  the  Holder 
condition  in  x.   This  is  clear  from 

(5.8)   (a(x2)-E)-^  -  {k{x^)-E)-^   =  (A(x2)-E)-^ 

(A(x2)  -  A(x^))(A(x^)-E)-1    . 
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For,  in  this  expression  the  middle  term,  considered  as  an 
operator  on  Z  ,  the  N  dimensional  complex  Euclidean  space, 
satisfies  the  Holder  condition  in  the  operator  norm,  since  oy 

(5.7)  the  matrix  elements  do   .   On  one  other  hand,  according 

to  Appendix  III,  the  matrix  A(x)  -  E  tends  to  the  matrix  E,  as 
|x|  tends  to  infinity.   Hence  |(A(x)-E)~  j,  the  norm  of  the 

—1     F 
operator  (a(x)-E)    on  Z',  is  uniformly  bounded  provided  that 

this  inverse  exists.   In  viev/  of  (33.8)  these  tv/o  facts  establish 
that  (A(x)-E)'  satisfies  the  Holder  condition  for  those  values 
of  X  for  v/hich  it  exists.   In  the  next  Lemma  v:e  shall  shov;  that 
if  the  point  eigenvalues  of  M  +K  are  disjoint  from  the  contin- 
uous  spectrum  of  M  ,  i.e.,  the  support  of  X,  S,,  then 
(a(x)-E)'  exists  for  every  x  in  S,.   Clearly  this  will  imply 
the  existence  of  gentle  solutions  )_h.^to  (3.5). 
IEI-1I4A  3 . 1  Suppose  that  x  £S,  ,  and  the  map  induced  by  the 
numerical  values  matrix  (A(x  )-E)  is  not  one-to-one  on  Z  , 
Let  a  be  a  non  zero  vector  for  which 

(3.9)  (A(x^)-E)a  =  0   ; 


then 


e  k  (x)a;L"*''*-'^VS'^^^^N 
S(x)  = — ^ 


^o"^^ 


is  an  eigenfunction  of  the  operator  M  +K  v/lth  the  eigenvalue  x  . 

First,  let  us  shovj  that  g(x)  is  in  L^ ( M- ;  i  Jiy  .   In  order 
to  do  this,  it  suffices  to  verifj'^  the  relation 

(3.10)         £j^^(x^)a^4-...+ej^kj^(x^)aj^,  =  0    . 
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For,    If   it  holds   v/e  have 

e^(k^(x)-k^(x^)a^  +  ej^(kj^(x)-kj^(x^))aN 


g(x)   = 


^o-^^ 


and  this  function  Is  In  cC^dj..^  Vuv)  since  the  k.  (x)  i=l,...,N 

d     ^  t.       J  1 

are  in  (R)^   and  i  <  0  <  1.   The  proof  of  (3.10)  is  based  on 
the  observation  that  the  quadratic  form  associated  with 
A(x)  -  E  on  Z   can  be  written  as  the  sum  of  a  real  quadratic 
form  on  Z  and  1-times  the  square  of  the  norm  of  a  vector  in 
W  .   More  precisely  the  follov/ing  holds: 

(3.11)    <  a(A(x)-E)a  >  =  <  a(B(x)-E)a  > 


+  l-;r|e^k^(x)a^  +  ej^kj^(x)a|  j^| 


where 


B(x)  =  [b^j(x)^ 


(3.11)1,  r  <k.  (y)k.(y)  > 


Since  B(x)  is  a  Hermltlan  matrix  the  quadratic  form 

^  a(B(x)-E)a  *■  is  real.   By  assumption  (A(x)-E)a  =  0,  hence 


(3.12)    <  a(B(x)-E)a  >  +  l7r|  e^k^(x)a^  + 


...-!-e^k^(x)a.,  |2  =  0   . 


In  this  equation  the  first  term  is  real,  the  second  term 
is  purely  imaginary;  hence  both  terms  are  equal  to  zero.   This 
proves  (3.10)  and  the  statement  that  g(x)  is  in  lA\i,   ]_  Vi,*^). 
It  remains  to  verify  the  relation 

(5.13)     ,      _  (M^+K)g  =  x^g 
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In  view  of  (3.7)  (^.ll)^  and  (3.9)  v;e  have 


(3.1^)  (B(x)-E)a+iTr 


^e-j^e-|^k-|_(x)k^(x)='. .  .<e^ej^k^(x)kj^(x)=*\/a^ 


,<ej^e^k^(x)k^(x)>...<£j^£j^kj^(x)kj^(x)>/\aj^, 


Now  the  left  side  of  (3.14)  can  be  written  in  the  form 

/''£-|_k^(x)  ,  e^k^{x)a-[_+. .  .  +  ej^kj^(x)aj^=^ 

(B(x)-E)a+i7r 

\  <Ej^kj^(x) ,  e^k^(x)a^+. .  .-i-ej^kj^(x)aj^>^ 

Insertion  of  (3.10)  in  this  relation  shows  that  the  vector  in 
(  )  is  the  0  vector.  Hence  from  (3.14)  we  deduce  the  impor- 
tant relation: 

(3.15)  (B(x)-E)a  =  0 

Next  we  establish  relation  (3.13)  as  a  corollary  of  (3.15). 

.'.■<■,        ,  ■•  ^  , 
Clearly 

N 
Ks(x)  =  '>      e.k.  (x)  <  k.g  > 
1=1  -^  1       1 


N         N   r  <k.  (y),e.k.(y)>a. 
=  IZ£ik^(x)  EI  /   "   ^  i' i  d^t(y) 


1=1--     j=i^         ^o-y 


=  k^(x)(B(x^)a)^+...-^kj^(x)(B(xQ)a)j^ 


On  the  other  hand,  according  to  the  definition  of  g 

M  g(x)  =  xg(x)  =  ~-^(£^k^(x)a^-i-...+ej^kj^(x)aj^) 

o 

X 

=  (^^-^  -  l)(e-Lk^(x)a-^+...+£j^kj^(x)aj^) 
^o 

=  x^g(x)  -  E^k^(x)a^-..  .-£j^kj^(x)aj^ 
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Therefore, 

(M  +K)g(x)  =  k^(x)(B(x^)a)^+...-i-kj^(x)(B(x^)a)j^ 
-  e^k^(x)a-|^-. .  .-ej^kj^(x)aj^  -i-  x^s(x) 
=  k^(x)  ( (B(x^)  -E)a)^+. .  .+kj^(x)  (  (B(Xq)  -E)a)j^ 
+  x^g(x) 
Using  (3.15)  we  obtain 

(M^+K)g(x)  =  x^gCx) 

v;hich  proves  (3.13)  and  completes  the  proof  of  Lemma  3.I. 

In  view  of  this  Lemma  and  the  remark  made  before  it^  we 
have  established  the  following: 
THEOREM  3.1 

Let  the  space  ^p{[i,  \  *?^-l)  satisfy  Condition  2.2  and  let 
K  be  a  .gentle  self-adjoint  operator  of  finite  rank  on  this 
space.   Suppose  that  the  point  eip;envalues  of  M  +K  are  disjoint 
from  the  continuous  spectrum  of  M  .   Then  for  the  operator  K, 
the  Friedrichs '  Equation,  (3.3)  admits  a  gentle  solution  R. 

Having  established  the  existence  of  such  an  operator  R,  we 
refer  to  the  considerations  of  [lO],  v/hich  shov;  that  one  can 
construct  a  spectral  transformation  of  the  continuous  part  of 
M  +K  v/ith  the  aid  of  this  operator  R.   More  precisely,  from 
Theorem  3*1  one  can  derive  the  following: 


•T 


:,(/.( 


V  -^  f  -'■ 


,  -  ^, 


•    'I 


\  ...  1 


/     V    .      ^ 


/;4(5h  .Ji) 


Oi'<B. 


..iM  - 


■   inlet '-:>.-,■ 


.H  r-y 


:i7ox: 


sv; 


5.8  m 

THEOREM  3.2 

Let  R  be  a  gentle  solution  of  the  Frledrlchs '  Equation 
(3.3).   Then  the  singular  part  of  M  +K  is  of  finite  rank.   The 
continuous  part  of  M  +K ,  ( M  +K )   is  unitarily  equivalent  to  I^L  ,  ■ 
in  particular,  it  is  absolutely  continuous.   Moreover,  (M  +K) 
admits  a  spectral  transformation  U  of  the  form  U  =  I  +  Pr.   In 
other  words,  U  is  a  partial^  isometry  whose  initial  set  is  the 
ortho-complement  of  the  point  eigenspace  of  M  +K,  its  final  set 
is  lA1\,  JL  ) ,  and 

(3.16)  (I^,  +K),  =  U*M,U 
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S4.  Arbitrary, Completely  Gentle  Perturbations. 
A)   Completely  Gentle  Operators. 

We  start  this  Section  by  describing  the  notion  of  "com- 
pletely gentle  operators"  and  by  shov;ing  that:   these  operators 
can  be  approximated  in  the  norm  of  any  "intermediate  (R)g  ^ 
-space"  by  gentle  operators  of  finite  rank.  Thus  the  notion  of 
a  completely  gentle  operator  will  be  a  generalization  of  the 
notion  of  a  gentle  operator  of  finite  rank. 

DEFINITION 

An  operator  K  is  completely  gentle  if  it  is  gentle,  and 
for  every  x  and  y  K(x,y)  is  a  compact  operator  on  the  accessory 
space  W , 

Using  this  notion  we  state: 
THEOREM  4.1   (Approximation  Theorem) 

Let  S  denote  the  set  of  completely  gentle,  Hermitian  symmetric 
kernels  of  (R)g  -.»     Then  the  subset  of  S  consisting  of  kernels 
of  finite  rank  is  dense  in  S  in  the  norm  of  any  {'R)q'  ^  space 
with  0  <  'e  <  0. 

Recall  that  in  Section  2  the  modified  Holder  norm  on  an 
linbounded  interval  was  defined  with  the  aid  of  the  ordinary 
Holder  norm  on  a  bounded  interval.   Tlierefore  it  is  no  loss  of 
generality  to  assume  that  the  support  of  X  is  bounded. 

The  proof  of  this  Approximation  Theorem  is  based  on  the 
following  simple  fact: 
LEMMA  4.1      .'  - 

Let  X  be  the  restriction  of  the  Lebesgue  measure  to  a 
bounded  set,  and  let  0,  <  0.   Suppose  that  the  sequence  K^  tends 
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to  K  in  the  (R)^  ^  norm  and  that  K  remains  bounded  Indepen- 
___   _______    y^  ,  A     '  n  —————————————— 

dently  of  n  In  the  (R)^  -,  norm.   Then  K  tends  to  K  In  the  norm 

'  _— _    y,A  — — •   _—  j-j  ________ 

of  any  (R)g^  .  -space  \;lth  6^  ^  e  <   9, 

Once  the  statement  of  the  Lemma  Is  observed  its  proof  is 
immediate  and  therefore  we  do  not  give  the  details. 

As  a  first  application  of  this  Lemma  we  shov/  that  it  is  no 

loss  of  generality  to  assume  that  the  support  of  A,  S  ,  consists 

of  a  finite  number  of  Intervals:   More  specifically  we   shall 

establish*.  ■  ■■.  .....--r-   ■  ' 

Proposition  1. 

Let  K  e  (R)^  ,.   Then  there  is  a  sequence  of  kernels  K 
y,A        '  '   '  n 

such   that  .•     ,  •  ■ 


^vj 


(4.2)  llKn-K|l?,A  "^°       '       0  <  e  <  e 


and 


■^n  ^  (R'e,x 


where  the  support  of  X  consists  of  a  finite  number  of  intervals. 
Since  S,  is  a  closed  set  it  is  the  countable  union  of  dis- 

A 

joint  closed  intervals,  S^  =  CJ  S,  .  V/e  shall  also  label  the 
intervals,  entering  the  decomposition  of  S,  ,  by  points  of  S^. 
More  precisely  let  S  denote  that  one  of  the  above  intervals 
V7hich  contains  x.   Note  that  since  S,  v;as  assumed  to  be  bonded 
there  are  only  a  finite  number  of  intervals  S  ,  whose  length. 


|S  I,  is  greater  than  — .  Now  set 

,    ^   r  K(x,y)    is  I  >  ^and  |S J  >  \ 


0       either  |S^|  1  ^  or  IS^I  <  ^ 
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Then  clearly 


and  in  view  of  the  fact  that  K  vanishes  on  the  boundary  of 

S.  ^  S,  ,  we  have  that  K  tends  to  K  uniformly  in  S.  x  S,  .   Note 

A      A  n  A      A 

that  this  means  (R)q  ^^  convergence,  hence  by  virtue  of  (4,4) 
we  conclude  from  Lemma  4.1  that 

(4.2)  IlK-K^ll-^^^  ~^0    . 

Since  the  support  of  K  consists  of  a  finite  number  of  rectan- 
gles clearly  R  e  (R)'y'V.   This  establishes  Proposition  1. 

n      w ,  A 

For  brevity  xve  set  K=K,  0  =   6,   A=  A,  and  assume  that 
the  support  of  A  consists  of  a  finite  number  of  Intervals.  As 
a  matter  of  fact  we  assume  that  the  support  of  A  is  the 
interval  [O^tt]  . 

As  a  next  application  of  Lemma  4.1  we  show  that  K  can  be 
approximated  by  a  finite  sine  series  with  operator  valued 
coefficients.   More  specifically  let  K  denote  the  n-th  Fejer 
sum  of  the  double  Fourier  sine  series  of  K.   Then  we  maintain 
that 
(^.5)  1|K^-K||-  ^  -^  0   , 

with  0  <   d  <   3 ,   and  that  K  is  Hermit Ian  symmetric  if  K  is. 
For,  as  in  the  case  of  numerical  valued  functions  of  one 
variable,  the  Fejer  sums  of  the  double  Fourier  sine  series  tend 
uniformly  to  the  function,  provided  that  the  odd  extension  of 
the  function  is  continuous.   Hence  the  sequence  K  satisfies 
the  first  condition  of  the  Lemma  v;ith  exponent  9,  =  0.   The 
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second  condition  (i.e.  the  fact  that  ||K  11^  -.  remains  bounded 

n  u ,  h 

Independently  of  n)  Is  seen  to  be  satisfied  from  the  explicit 
formula  for  the  Pejer  sum: 


-    2   1  .21 

TT  r  TT  sm     -pnu  sxD.     -^  nv 

K..(x,y)   =  -^  /      /       K(x+u,y+v)  — r^ dudv 

n  TT    ^0^0  sin  ^u  sin  ^v 


1  r  TT  r  TT 

C   (x,y)   =  -^  /      /       K(x+u,y+v) 


Hence  we  deduce  from  Lemma  4.1  the  validity  of  (4.5). 
Clearly  K  (x,y)  is  of  the  form 


n 
(4.6)     K„(x,y)  =   J~       k^g   sin  kx  sin  i;y 

k=  171=1 


In  case  the  accessory  space  .Vl  is  finite  dimensional,  we  see 
from  (4.6)  that  the  range  of  K  is  a  finite  dimensional  sub- 
space  of  lAJk,^)  ,   hence  K  is  of  finite  rank. 

In  case  5^  is  infinite  dimensional  we  need  an  additional 
approximation.   The  possibility  of  this  approximation  hinges  on 
the  assumption  that  K  is  completely  gentle,  i.e.,  K  is  gentle 
and  K(x,y)  is  a  compact  operator  on  the  accessory  space  j7_. 
In  view  of  this  assumption  the  coefficients  A.  .  entering  (4.6) 
are  compact  operators  and  therefore  there  is  a  sequence  of  pro- 
jectors P^,  with  finite  dimensional  range,  such  that 

Since  according  to  (4.6)  K  (x,y)  is  a  finite  linear  combination 
of  the  A,  ^,  we  also  have; 

"Vn^^^y^^m  ■  ^n^^'^^"  ""^°     as  m  -^  oo   . 
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From  this   fact  and  from  Lemma   4.1  vje   conclude 

^^--^^  IIP^V^   -KJI^^^-^O  asm  -^00        . 

In  view  that  P  K  P  Is  a  Hermltian  symmetric  kernel  of  finite 
m  n  m 

rank  and  P  K^P_  e  (R)2'  ^,    (4. 7)  completes  the  proof  of  the 
mnm      o ,  a 

Approximation  Theorem. 

By  virtue  of  this  Theorem  every  completely  gentle  pertur- 
bation is  the  sum  of  a  "small"  and  of  a  gentle  perturbation  of 
finite  rank.   In  Section  2,    the  Frledrichs '  Theorem  described 
the  spectral  transformation  arising  from  a  "small"  perturbation. 
In  Section  3,   Theorem  3.2  described  the  spectral  transformation 
arising  from  a  gentle  perturbation  of  finite  rank;  possibly 
"large".   In  the  remaining  part  of  this  Section  we  shall  show, 
follov;lng  [2],  hov;  these  facts  can  be  used  to  describe  the 
spectral  transformation  arising  from  an  arbitrary  completely 
gentle  perturbation. 

Recall  that  the  space  Z^{[jL,\_)n>.\)   was  assumed  to  satisfy: 
Condition  2.2 

The  support  of  the  continuous  and  singular  parts  of  the 
measure  \x   are  disjoint.  Moreover 

£2(^,^9^"^)  =  L^{-K,  Sx)  0  £2(0-,  \  ^\l) 

where  A  is  the  restriction  of  the  Lebesgue  measure  to  some 
closed  set,  and 

dim  L^{<s-,   ^  91  j)  <  00 

Also  recall  that  the  following  condition  enters  Theorem  3.2. 
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Condition  4.1.   ("Additional  Condition") 

The  point  eigenvalues  of  M  +K  are  disjoint  from  the  con- 
tinuous  spectrum  of  M  ,  I.e.  from  the  support  of  X. 
Next  we  state  the  Main  Theorem. 
Main  Theorem. 

Let  the  space  L^{\i,\^     )    satisfy  Condition  2.2  and  let 
K  be  a  completely  gentle  operator  in  (R)n   with  l/2  *=  0  *=  1. 
Suppose  that  the  operator  M  +K  satisfies  Condition  4.1.   Then 
the  singular  part  of  M  +K  is  of  finite  rank.   The  continuous 
part  of  M  +K ,  { M  +K )  ,  is  unltarily  equivalent  to  R.  ,  in 
particular  it  is  absolutely  continuous.   Moreover  (M  -i-K) 
admits  a  spectral  transformation  of  the  form  U  =  P,  -i-  fR  with 
R  e  (R)2e   where  0  <  0  <  0. 
Proof.  Observe  that  M  +K  can  be  v;rltten  in  the  form 

(4.8)  M  +K  =  M^+P^KP^  +  F 

IJ.        AAA 

with 

(4.9)  P  =  K  -  P^KP^  +  M  ^ 

A   A 

and  in  view  of  Condition  2.2  F  is  of  finite  rank. 

By  assumption  K  is  completely  gentle  and  K  ^  (R)q  ,,» 
hence  P,KP^  is  completely  gentle  and  P-,KP^  e  (R)^  ...   Therefore 

A   A  A   A        y ,  A 

from  the  Approximation  Tlieorem  we  can  conclude  the  existence  of 
a  sequence  of  gentle  operators  of  finite  rank,  such  that 

(4.10)  i|P;,Kp^)„  -  P.KPjIg-^^  ->0     as  n  -^  - 

Where  0  <   9  <   6.      By  virtue  of  the  Friedrichs '  Theorem  on  Small 
Perturbations  (cf.  Section  2),    (4.10)  ensures  that  for  large 
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enough  n  there  is  a  unitary  transformation  W  : 

^g^^'?^)  -4  ^2^^'  S^),  of  the  form  W^^  =   I^  +  Pr,  R  e  (R)^  ^, 

such  that 

(4.11)  M^  +  (P,KP^)„  -  P^KP^  =  W^M^W^    . 

Now  let  us  extend  W  to  the  entire  space  L^{[}. ,    ^  S"iv)  by  setting 
VJ^  =  I^^on  ^2^''^' I   ^^U*   ^''^®"  clearly  the  extended  17^  is 
unitary  and  satisfies  (4.11).  For  brevity,  from  now  on  we 
denote  by  VJ  the  extended  W  . 

Inserting  (4,11)  in  (4.8)  and  using  the  unitary  character 
of  W^,  yields 

(4.12)  M^+K=.M^+P^KP^  +  P  =  w;[M^«^!(P^KP^)^  +  F]wX    • 

In  other  v/ords   M  +K  is   unitarily  equivalent   to 

(4.13)  M,+V/    [(P,KP,  )^   +  F]\ll 

A     n        A     A  n  n 

Since  Condition  (4.1)  is  unitarily  invariant  and  M  +K  satisfies 

it,  the  operator  in  (4.13)  also  satisfies  Condition  4.1.   On 

the  other  hand  in  view  of  that  W  =  P, -hPR  ,  R  e  (R)^  ,,  W 

n    A    nn      u ,  a       m 

carries  gentle  operators  into  gentle  operators.   Therefore 
Theorem  3.2  applies  to  the  operator  in  (4.13).   Insertion  of 
the  statement  of  Theorem  3.2  in  (4.12)  completes  the  proof  of 
the  T'lain  Theorem. 
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Footnotes 

(1)  The  Frledrichs '  method  applies  to  non  self-adjoint 
problems  too.   Small  and  non  self-adjoint  perturbations  are 
treated  in  [10],  throughout.   The  connection  between  the  two 
notations  in  case  of  a  self -ad joint  problem  is  the  following: 
Our  R  corresponds  to  R  of  [lO],  and  our  R  corresponds  to  R" 
of  [10].   Similarly  U^U"*",  and  U  ,11'  are  corresponding  pairs. 
Let  us  also  mention  that  "large"  and  non  self -ad joint  pertur- 
bations are  treated  in  [ll], 

(2)  If  the  supports  of  the  absolutely  continuous  and  singular 
parts  of  M-  are  not  disjoint,  the  space  (R)^   is  not  a  space 
of  gentle  operators  anymore.  Nevertheless  the  example  treated 
in  Section  6  of  [3]  shows  that  after  suitable  modifications  the 
method  applies. 

(3)  We  make  use  of  the  fact  that  the  Hilbert  transform  of  a 
Holder  continuous  function  is  Holder  continuous,  [cf.  1,5]. 
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Appendix  I 

The  concept  of  an  £^(S,'^^  ,\x,  \  J^{  )  space  and  the  Spectral  Repre- 

sentatlon  Theorem. 

The  space  £^(S,>  ,[i,{^\). 

This  space  Is  a  generalization  of  the  space  £^(3,3^   jM->  -^^  ) 
introduced  In  [9]  ,   and  we  define  It  by  stating  a  slightly  more 
abstract  version  of  the  definition  of  an  "ordinary"  £p  space  given 
in  [19]. 

Let  (S,^  ,M-)  be  a  measure  space  where  In  addition  S  is  a 
metric  space  v;lth  measurable  spheres.   Let  ^v5"'-(x)Z  be  a  family  of 
Hilbert  spaces  labeled  by  elements  x  e  S,  satisfying  the  following 
three  conditions: 

1)  the  ^$l.(x)^  are  subspaces  of  a  given  Hilbert  space  "^  , 
i.e.  for  every  x  e  S,   S'l(x)  cz    r\_. 

2)  the  family  \    ?v.  (x) 7  is  nested  In  the  sense  that  for 
every  pair  (x,y)  either  .n_  (x)  C  i"i.  (y)  or  ^X-   (y)  cz    Sr^i_  (x). 

3)  the  numerical  valued  function  dim  S^(x)  is  \x   -measurable. 
\ie   start  the  definition  of  the  Integral  by  Introducing  a 

family  of  "nice  and  simple"  functions  as  follows; 
Definition 

A  function  f  on  S  to  ^  ^~^\   ^^  M-  -piecewise  constant  if  it 
assumes  a  finite  set  of  values  ^  f .   only,  and  the  Inverse  images 
of  the  f.  under  f  are  measurable  sets. 

Next  we  define  an  inner  product  for  m.  -piecevjlse  constant 
functions  by  setting 

1,J     1  J      ij 


where 


^ij  "  ^xlf(x)  =  f^,g(x)  =  Sj  ]  • 


Clearly  the  m-  -piecewise  constant  functions  form  an  inner  product 
space,  and  vje  call  the  completion  of  this  inner  product  space  an 
£p  space.   Nov/  let  us  make  a  formal  statement  of  this: 
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Definition 

£  ( S ,  >  , M- ,  ^_  5a]-)  Is  the  completion  of  the  Inner  product  apace 
formed  by  p.  -plecewlse  constant  functions  and  by  the  Inner  product 
introduced  In  (4). 

Note  that  we  defined  this  space  with  the  aid  of  "very 
special"  functions,  and  we  do  not  need  the  characterization  of 
those  functions  v^hich  "determine"  a  Cauchy  sequence  of  plecewlse 
constant  functions.   All  that  we  need  Is  the  fact  that  under 
conditions  (l)  and  (2)  this  is  the  case  for  plecewlse  continuous 
functions  with  compact  support.   In  the  following  we  shall  make 
this  statement  precise  and  we  shall  prove  it. 
Definition 

A  function  f  on  S  to  ^  Pi  1  is  [x  piecev;lse  continuous  if  it 
can  be  written  in  the  form 

N 

^  =  ^   Vn 

n=l 

where  the  functions  ^  f„  *r  are  continuous  and  the  ^c.l  are  charac- 
teristic functions  of  ix  -measurable  sets. 
Lemma 

Let  f  be  a  M,  -plecewlse  continuous  function  on  S  to  5  9~Lf 
with  compact  support.   Then, 

a)  there  is  a  sequence  of  \x   -plecewlse  constant  functions 
which  tends  to  f  uniformly  on  S,  and 


H 


(5)  I  If  -f  M  — ^  0     as  n,m  — ^-  w   , 

b)  if  f  and  f  are  two  sequences  satisfying  statement 
n      n  JO 

(a)  then 

(6)  "(f^-fn^  -  ^V^m^"  ~^°    as  n,m->~ 

Proof : 


We  start  with  part  (a).   Clearly  it  suffices  to  establish  the 
statement  for  continuous  functions  f.  Let  e  =*  0  be  given.  Then 
in  view  of  the  fact  that  the  support  of  f  is  compact,  it  can  be 
covered  by  a  finite  number  of  spheres  S. ,  with  centers  x^,    in  such 
a  way  that 
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(7)         lf(x)  -  f(x^)|  <  e     f or  X  e  S   . 

Now  set 

where  f.  is  any  continuous  function  which  is  f(x.)  on  S..  and  c^ 
1  1      i'      i 

Is  the  characteristic  function  of  the  intersection  of  S.  with  the 
support  of  f.   Then  clearly  f  is  a  p.  -piecewise  constant  function 
on  S  to  ^  which  tends  uniformly  to  f  as  £  tends  to  0.   In  order 
to  assure  that  f  be  an  ^  9\~Il  -valued  function  we  make  the  follow- 
ing adjustment: 

Let    y-\-.   =  '  )  ^"^  (x),  and  let  P.  denote  the  projector  on 
^   xeS.  ^ 

Sn.  .   Then  set 

<8)  f(e)  =  n  Vi=i 

V/e  maintain   that, 

(9)  sup    |f(x)    -  ff^>(x)l    <  2e 

X£Sj_  ^^' 

For,  if  X  is  outside  the  support  of  f,  then  according  to  the  de- 
finition of  the  functions  ^c^v  f(£)(x)  =  0.   If  this  is  not  the 
case  then  x  £  S.,  and  in  view  of  condition  (2)  we  have  a  sequence 
of  projectors  P(x),  each  projecting  on  vi.(x),  such  that 

(10)  P^f(x^)  =  lim  P(x)f(x^) 

Now,  from  (7)  we  conclude  that 

iP(x)f(x^)  -  P(x)f(x)|  =  |P(x)f(Xj^)  -  f{x)|  <  £ 
hence 

|P(x)f(x^)  -  f{x^)\    <   2£ 

and  therefore,  according  to  (10 ), 

iP^f(x^)  -  f(x^)|  <  2£     . 
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This  establishes  (9)  i.e.,  the  fact  that  f/p\  tends  uniformly  to 
f.  Since  the  validity  of  (5)  is  immediate,  part  (a)  of  the  Lemma 
is  established.  On  the  other  hand  part  (b)  of  the  Lemma  is  an 
immediate  consequence  of  the  fact  that  the  measure  of  a  compact 
set  is  finite.  This  completes  the  proof  of  the  Lemma. 

Note  that  the  Lemma  does  not  give  any  information  on  the 
existence  of  piecewise  continuous  ^V"i-7  valued  functions.  Never- 
theless one  could  derive  from  condition  (3)  that  there  are 
"enough"  piecewise  continuous  functions  in  the  following  sense. 
Let  ^*^'^'J   and  JV{  g^be  two  families  of  Hilbert  spaces  satisfying 
conditions  (l),(2),(3),  and  in  addition  let 
5-i.'T|^(x)  (±)     S\^{x)   =   SnL  ,  where  S'7  is  independent  of  x.   Then 

Remark 

The  £g ( S f"^     ,|j. t\^'^'()    -space  is  a  particular  case  of  a  "direct 
Integral-of -Hilbert  spaces",  introduced  in  [4,20],  Nevertheless 
the  results  of  [4,20]  indicate  that  an  arbitrary  "direct-integral 
space"  is  Isomorphic  to  an  £^(S,'5  ,\i,)  ^^^x^)    -space  via  an  iso- 
morphism which  preserves  the  spectral  resolution  of  the  corres- 
ponding multiplication  operators. 

In  the  following  we  state  the  Spectral  Representation  Theorem, 
which  asserts  that  an  arbitrary  self -adjoint  operator  is  unitarily 
equivalent  to  the  multiplication  operator  on  a  certain 
^2^^*^^r~>^*   i  ^"^V  "Space*  The  £p  spaces  entering  this  theorem  can 
be  chosen  to  have  the  f ollovjing  tvjo  features : 

a)  S  =  [-«),  -t-oo] 

b)  ^  Sn.Vis  an  increasing  family  in  the  sense  that  S'^  (x)  CI  jri{-y) 
if  X  <  y. 

For  brevity  we  call  such  a  space  an  increasing  £p(ij,,^JLh  -space. 
Using  this  notion  we  state: 
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Definition 

Let  A  be  an  arbitrary  operator  on  an  arbitrary  Hllbert  space 
5^,   If  there  is  a  unitary  transformation  U  from  Pl  to  some  In- 
creasing £p(ti,^5-L0  -space,  such  that  U  carries  A  Into  the 
multiplication  operator  on  £p(ix,  ^  5\^) ,  (i.e.  A  =  U  MU)  then  U  is 
called  a  spectral  transformation  of  A.   ' 

Spectral  Representation  Theorem» 

An  arbitrary  strictly  self -adjoint  operator  A  defined  on  a 


seperable  Hllbert  space  admits  a  spectral  transformation. 
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Anpendix  II 

Example  of  a  gentle  operator  K  e  (R)g  -.    for  which  the  Frledrlchs ' 
equation  has  no  gentle  solution. 

2 
Let  0  =  ^  ,   let  A  denote  the  restriction  of  the  Lebesgue 

measure  to  the  interval  [-2,2],  and  let  £-^{7\,yz)   be  the  .Cp  space 

of  numerical  valued  functions.  Next  set 

K(x,y)  =  k(x)k(y)   , 

where 

xl  <  1 
(1) 

l<|x|-  <  2   ' 

and  for  i^|x|  _^  2  k(x)  is  a  continuously  differentiable  function 
such  that 

k(±l)   =  1        ,        k{±2)   =  0 

/     4x)dx  +  i  =  o  ; 

Illxh2 

Now  we  maintain  that  for  this  kernel  the  solution  of  the 
Friedrichs '  equation  is  discontinuous  at  x  =  0.  For,  according  to 
(5»^)*(3«6)  and  (3«7)  the  solution  of  the  equation  in  the  case  of 
operators  of  rank  1  is  given  by 


(2)  R(x,y)  =  h(x)k(y) 

v;ith 

(5)     h(x)  =  ^=^^ 


/  -^4^  dy-l+i7rkk(x) 


Nov;  clearly 

r+l|wrvU2       +14/3      ,-<+l  4/3   ^4/3 

(4)  -^  ,         -^ 
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and  In  vlev;  of  the  fact  that  y  ^ -^  Is  Holder  continuous,  so  Is  the 
second  term  in  (4).  On  the  other  hand,  according  to  construction 
the  fiinctlon 


x-y 

Illy  1 12 

vanishes  at  x  =  0,  and  since  it  is  dlfferentlable  it  vanishes  at 
least  In  first  order.  Therefore  the  denominator  of  (3)  vanishes 
at  least  in  first  order  at  x  =  0.  Since  the  numerator  of  (3) 
vanishes  in  2/3  order  the  quotient  in  (3)  is  not  continuous  at 
X  =  0.   In  viev;  of  (2)  this  establishes  the  fact  that  the  solution 
of  the  Frledrichs '  equation  is  not  continuous,  hence  not  gentle. 

According  to  Theorem  3.1  the  operator  M  +  K  has  a  point- 
eigenvalue  in  [-2,  +2],   and  according  to  Lemma  3»1  the  function 


is  an  elgenf unction  of  M+K  with  eigenvalue  0.  Of  course  using 
the  fact  that  K  is  of  rank  1  and  the  corresponding  elgen- 
f unction  is  given  in  (l),  one  can  establish  this  statement  about 
g  directly.   Note  that 'the  fimction  g  is  discontinuous  at  x  =  0. 
In  a  forthcoming  report  we  shall  shov;  that  this  situation  is 
typical.   In  other  words  vie   shall  shov/  that  if  K  belongs  to  a 
gentle  class, "it  satisfies  a  local  Holder  condition  with  exponent 
greater  than  l/2",  and  the  Frledrichs'  equation  fails  to  admit  a 
continuous  solution  R,  then  M+K  has  a  discontinuous  polnt-eigen- 
function. 
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Appendix  III. 

The  behavior  of  the  Hllbert  transform  at  Infinity. 

Let  the  function  f  satisfy  an  ordinary  Holder  condition  In  [-«,  -h»], 
and  be  square  Integrable.  Then  we  maintain  that  its  Hllbert  trans- 
form, defined  by 

tends  to  zero  as  |xl  — ■)<». 

First  let  us  notice  that 

Hf  (x)  =  11m  f  44  ^y 

Ix-yll6 

and  this  limit  holds  uniformly  in  x.  Nov;  clearly 

1/  IM  dyl    <    (/  "f(y)fT7Tdy)l''2(/  %)l/2  ^   „(„ 

J  y"^  -^ -co  -      .  ^x    V 

|y-xll|  2 

and 

llly-xlis'  I  lyllB  "^ 


v/hich  establishes   our  claim. 
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